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Abstract:
A quantitative analysis of q-space MRI data (QUAQ)
is presented to extract the physical parameters of
diffusion in fiber networks and resolve fiber cross-
ings, e.g. for brain white matter fiber tracking. This
method is based on the analytical expression for the
normalized echo attenuationE(q) in cylindrical pores
measured by pulsed-gradient MRI in the short pulse
approximation, which reflects the restricted diffu-
sion process inside the fibers. An alternative method
(MDTI) consists in approximating E(q) by a sum of
Gaussian distributions, which corresponds to the as-
sumption that the diffusion process in the fibers re-
duces to unrestricted anisotropic diffusion. These two
methods are validated and compared both numeri-
cally and experimentally, and the influence of the dis-
tribution of the input measurements in q-space (num-
ber of gradient strengths and orientations) on the re-
sults is investigated.

Introduction

In the last decade, diffusion-weighted magnetic res-
onance imaging (DW-MRI) has been increasingly ap-
plied to track fibers in soft biological tissues such as
brain white matter non-invasively [1]. DW-MRI produces
maps of the echo attenuation that depend on the local dif-
fusion process and are indexed by a value inq-space cor-
responding to the experimental parameters [2]. Differ-
ent modalities exist to extract valuable information from
DW-MRI data: diffusion tensor imaging (DTI) recon-
structs the local diffusion tensor [1]; diffusion spectrum
imaging (DSI), a.k.a.q-space imaging (QSI), extracts the
local distribution of the spin displacements, a.k.a. the 3D
average propagator, based on the (extensive) sampling of
the echo attenuation inq-space [3]. The fiber orientation
is identified with the direction of maximum diffusion and
thus longest displacements. DTI cannot resolve crossing
fibers, while DSI is a promising albeit time-consuming
method [3]. More complex methods have also been de-
veloped recently to elucidate fiber crossings: composite
hindered and restricted model of diffusion (CHARMED

[4]), q-ball imaging (QBI [5]), and high angular resolu-
tion diffusion imaging (HARDI [6]). In the latter, the
signal is acquired with high angular resolution inq-space
and then decomposed into a discrete mixture of Gaus-
sian diffusion processes in slow exchange. This amounts
to a multi-modal version of DTI that we call MDTI. In
this work, we present an alternative: a quantitative anal-
ysis of q-space MRI data (QUAQ) that mergesq-space
MRI with the physics of the diffusion process inside a
network of cylindrical fibers, and quantitatively estimate
the characteristics of the system (diffusion constants and
fiber orientations). In addition, we compare the QUAQ
method to MDTI both numerically and experimentally by
using a synthetic diffusion phantom.

Methodology

Considering a population of spins subjected to a spin-
echo (SE) pulse sequence in the presence of two magnetic
field gradient pulses (g) of durationδ and separation∆
(a.k.a. diffusion time), Tanner and Stejskal [7] showed
that the normalized echo attenuationE(q,∆) is propor-
tional to the Fourier transform of the average propagator,
andq = γgδ/2π plays the role of a spatial frequency cor-
responding to the displacement of the spins. In practice,
E(q,∆) is obtained by dividing the measured echo with
diffusion-encoding gradients,S(q,∆), by the echo ob-
tained with zero diffusion gradients,S(q = 0,∆). The
inverse Fourier transform ofE(q,∆) yields the 3D av-
erage propagator, and thus the orientation of the fibers
in each voxel can be inferred. However, a large number
(∼ 500) of orientations and magnitudes ofq are needed
to reconstruct the 3D propagator [3]. In order to ex-
tract the fiber orientation from MRI data, one requirement
must be met: the diffusion time experienced by the spins
must be large enough so that enough spins reach the fiber
boundaries, i.e.

∆ '
a2

2D⊥
, (1)

whereD⊥ is the diffusion coefficient in the direction
transverse to the fiber orientation. If on the contrary
∆ � a2/2D⊥, then the diffusion process can be mod-
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 eled by unrestricted anisotropic diffusion if the diffusion
coefficient parallel to the fiber,D‖, is different thanD⊥,
or by isotropic diffusion ifD‖ ∼ D⊥.

Let us considernon-communicatingcylindrical fibers
in a non-participating external medium(i.e. the medium
does not produce any MR signal). In cases where the
medium does produce an MR signal, it can be modeled
as a hindered compartment following the formulation in
[4]. Diffusion inside a single cylindrical fiber with ra-
diusam oriented along thex-axis for a diffusion time∆
is associated with anaverage propagatorPm(x,∆; am)
that is a function of the displacementx and is parameter-
ized by the fiber radiusam. The average propagator for
a fiber in any other orientation in spherical coordinates
(θm, ψm) is then given byPm(R−1(θm, ψm)x,∆; am),
whereR(θ, ψ) is the appropriate3 × 3 transformation
matrix that rotatesx into the frame of reference of the
fiber.

If each voxel contains a distribution ofM crossing
fibers with varying radii (am, m ∈ [1,M ]) and orienta-
tions (θm, ψm), the average propagatorP (x,∆) can be
decomposed into

P (x,∆) =
M∑

m=1

vmPm(R−1(θm, ψm)x,∆; am), (2)

wherevm is the volume fraction of the fibers with orien-
tation (θm, ψm) and radiusam. Let

Em(q,∆) =
∫
Pm(x,∆ : am)e2πiq·xdx. (3)

It follows that the normalized echo attenuation can be ex-
pressed by

E(q,∆) =
n∑

m=1

fmEm(R−1(θm, ψm)q,∆). (4)

Note that eachfm is proportional to the volume fraction
vm, but it also depends on the imaging parameters and re-
laxation times within the fibers with orientation (θm, ψm)
and radiusam. Therefore,fm replacesvm in the echo at-
tenuation expression, and it is termed the signal-weighted
volume fraction. Since the echo attenuation is normalized
and we have assumed that the signal only comes from
the fibers (non-participating medium), we have one addi-
tional constraint:

M∑
m=1

fm = 1 or fM = 1−
M−1∑
m=1

fm. (5)

Moreover, it is assumed that the fluid inside all the fibers
has the same diffusivities, i.e.D‖ andD⊥ are indepen-
dent ofm. Extrapolation to the case where the diffusiv-
ities do depend onm is trivial, although to identify the
additional parameters requires more data input.

Equation (4) can then be interpreted as a projection of
the normalized echo attenuation onto a set of basis func-
tions with parameters(θm, ψm, am), and the multiplying

coefficients corresponding to the signal-weighted volume
fractionfm of the fibers. This is the rationale behind the
QUAQ approach.

Analytical solutions exist for the propagator and the
corresponding functionEm(q,∆; am) in certain config-
urations [8], from which their Fourier transform can be
obtained, and then the basis functions in Eq. (4) be-
come known. A simple but qualitative model would be
to assume that the average propagator for a single fiber
is described by a Gaussian distribution. This means that
diffusion in a single channel can be interpreted as an un-
restricted anisotropic diffusion process. Then, the signal
expression for a single fiber is also a Gaussian distribu-
tion as a function ofq. This is the assumption on which
DTI is based, and the experimental data are used to ob-
tain the “apparent” diffusion tensor. When multiple fibers
are assumed to be present in the voxel of interest under
the previous assumptions, the normalized echo attenua-
tion becomes a multi-Gaussian decomposition of the MR
signal:

E(q,∆) =
n∑

m=1

fm exp
[
−4π2∆ qT ·Dm · q

]
. (6)

Therefore, the assumption that the propagator for a single
fiber is described by a Gaussian distribution reduces ours
to the model used for MDTI (and recovers the expression
derived in [6]). In the present formulation, the individual
apparent diffusion tensors,

Dm = RT(θm, ψm)DR(θm, ψm), (7)

are parameterized by the orientations (θm, ψm) via the
matrix of eigenvectorsR, and the signal-weighted vol-
ume fraction (fm) of the fibers, whereD is a diagonal
matrix with eigenvaluesD‖ along the longitudinal direc-
tion of the fiber andD⊥ along the transverse direction(s).
However, since it is known that the propagator for a sin-
gle fiber cannot in general be approximated by a Gaus-
sian distribution, a more sophisticated description of the
diffusion process is necessary.

Based on the analytical results for cylindrical fibers
by Callaghan [8] which assumes short pulsed gradients
(duration of gradientsδ � diffusion time∆), an analyt-
ical formula is derived for the normalized echo attenua-
tion for a fluid insideM cylindrical fibers of radiusam

(m ∈ [1,M ]). To account for the layered structure of
the brain white matter fibers, the diffusion process within
the fiber is assumed to be anisotropic with parallel dif-
fusivity D‖ and transverse diffusivityD⊥. ForM fibers
in an extra-axonal environment that produces no MR sig-
nal, the echo attenuation is fitted to Eq. (8), whereq is
separated into its longitudinal and transverse components
(q = q‖ + q⊥), q‖ = ‖q‖‖, q⊥ = ‖q⊥‖, andβn,k is the
kth root of the first derivative of the Bessel function of
ordern, Jn (J ′n(βn,k) = 0). E(q,∆) given by Eq. (8)
depends on the experimental parameters (δ, ∆, diffusion
gradientg) and the physical parameters of the problem
(am, D‖, D⊥, θm, ψm, fm). A Levenberg-Marquardt al-
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E(q,∆) =
M∑

m=1

fm

4
(
J ′0(2πamq⊥)

2πamq⊥

)2

+ 4
∞∑

k=1

(
2πamq⊥J

′
0(2πamq⊥)

(2πamq⊥)2 − β2
0,k

)2

exp
(
−β2

0,k

D⊥

a2
m

∆
)

+ 8
∞∑

n=1

∞∑
k=1

β2
n,k

β2
n,k − n2

(
2πamq⊥J

′
n(2πamq⊥)

(2πamq⊥)2 − β2
n,k

)2

exp
(
−β2

n,k

D⊥

a2
m

∆
) exp

(
−4π2D‖q

2
‖∆
)
. (8)

gorithm [9] is used to solve the nonlinear least-squares
minimization problem of fitting the echo attenuation data
to the analytical formula. The fitting parameters are
(D‖, D⊥, fm, θm, ψm), while the fiber sizesam are as-
sumed to be known (e.g. via histology). The infinite se-
ries in Eq. (8) are truncated, which is allowed since the
exponential terms in the series vanish asn andk increase.
Note that these terms vanish faster if the diffusion time∆
is large w.r.t.a2/D⊥, cf. Eq. (1). The level of trunca-
tion can be estimated from the assumedam value, an es-
timatedD⊥ value and the known value of∆. This fitting
procedure constitutes the QUAQ algorithm to reconstruct
the fibers pixel-per-pixel based onq-space MRI data.

In a similar approach, Assaf et al. [4] proposed fit-
ting the normalized echo attenuation to a different ana-
lytical expression. The direction parallel (subscript‖) to
the cylindrical fiber can be decoupled from the direction
transverse (subscript⊥) to the fiber, and the echo attenu-
ation takes the form of a product of two echo attenuation
components,Em‖ andEm⊥. The expression forEm‖
corresponds to pulse-field gradient imaging of 1D unre-
stricted Gaussian diffusionwithoutassuming thatδ � ∆,
which matches the QUAQ approach (8) with an effective
diffusion time equal to∆−δ/3. The difference lies in the
expression forEm⊥, which is derived in [10] and requires
(i) steady gradientSE imaging (i.e.δ = ∆ = τ , whereτ
is the echo time of the SE sequence) and (ii) that the diffu-
sion time be long compared to the time necessary for the
spins to hit the boundaries, i.e.τ � a2

m/D⊥. Clearly,
the steady gradient assumption employed forEm⊥ is not
consistent with that of pulsed field gradient SE imaging
used both forEm‖ and for their experiments. Moreover,
Assaf et al. [4] assume in practice that the values for
the fiber sizesam and the transverse diffusivityD⊥ are
knowna priori. Consequently,Em⊥ is fully known and
their methodology reduces to performing a Gaussian fit
of the data. Additionally, while the size of the fibers can
be measured by histology, it is more difficult to envision
howD⊥ would be measured.

Our proposed method is first tested numerically and
compared to MDTI. The influence of the sampling ofq-
space (number ofg values and orientations), the presence
of noise in the input data, and the possibility of data aver-
aging to reduce the noise level is investigated. The noise
is introduced in the synthetic data as rectified Gaussian
noise [11]. An experimental validation is also provided
to show that the crossing of two fiber bundles can be re-
trieved in the presence of experimental noise.

Numerical results

Let us consider two cases: one single fiber and cross-
ing fibers with relative angle46.62◦, with a1 = a2 =
50 µm and other input parameters in Table 1 and the
following experimental parameters:δ = 5 ms, ∆ =
250 ms. The series in Eq. (8) are truncated atn = 3 and
k = 6 and the signal is sampled over 100 trials with Ri-
cian noise added to give SNR= 10 in the non-diffusion-
attenuated signal. Typical results are presented in Ta-
ble 1 where 45q values are used (g = 3, 4, 5 G cm−1

and 15 orientations). For the relatively low SNR value
we chose (corresponding to a normalized rms difference
between the data inq-space with and without noise of
3.9%), QUAQ performs well for a limited number of data
points (here 45q values) compared to what is typically
used (e.g. 127 for HARDI [6], 253 for QBI [5], 496 for
CHARMED [4], and 515 for DSI [3]). The MDTI results
are also in good agreement forD‖, θ1 andψ1, butD⊥
gets underestimated.

Table 1: Results for a single fiber (f1 = 1) and two cross-
ing fibers (f1 = f2 = 0.5) using 3g values and 15 orien-
tations (i.e. 45q values). The fit error is the normalized
rms error between the fit and the noisy input signal, while
the absolute error compares the fit and the exact signal

Parameter Input
Single

QUAQ
fiber
MDTI

Crossing
QUAQ

fibers
MDTI

f1 1.0 / 0.5 1.0 1.0 0.565 0.591
D‖ × 109

(m2 s−1)
2.000 1.913 1.918 1.915 1.927

D⊥ × 109

(m2 s−1)
2.000 1.929 1.213 1.913 1.204

θ1 (◦) 11.46 12.09 12.09 21.2 22.76
ψ1 (◦) 28.66 29.12 29.18 28.83 30.12
θ2 (◦) 45.86 − − 48.32 49.12
ψ2 (◦) 68.79 − − 73.61 75.78

Fit error − 2.34% 2.42% 2.13% 2.29%
Abs. error − 2.87% 2.89% 3.20% 3.23%

The results for two crossing fibers are similar: QUAQ
extracts all the physical parameters of the problem, al-
beit with slightly larger errors, and so does MDTI except
for D⊥ which is again underestimated (Table 1). Figure
1 illustrates the inability of MDTI to capture the correct
shape of the signal inq-space by showing the contour
lines of the echo attenuation based on the correct analy-
tical formula and the contour lines of the multi-Gaussian
approximation. The errors on the angles for both me-
thods (up to 10◦) are reasonable considering the amount
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Figure 1: Contour lines of the echo attenuation in the
plane of the crossing fibers computed from (A) the
QUAQ equation (8), and (B) the MDTI equation (6) for
the parameters given in Table 1 anda2

m/D⊥∆ = 5

of noise and SNR value. The rms errors remain close to
the ones obtained for single fibers because the sensitivity
of the signal to the orientations for the chosenq values
(qam < 0.55) is relatively low, cf. Figure 1.

Experimental results

A 2 cm × 2 cm × 1 cm phantom was built using
two sets of perpendicular crossing PTFE fibers (Cole–
Parmer Instrument Company, Vernon Hills, IL, USA)
with a1 = a2 = 50 µm, filled with water (D‖ = D⊥ =
1.6×10−9 m2 s−1 at11.5◦C [12] and placed in an Varian
14.1 T NMR imager. Copper sulphate was added to the
water to decrease the relaxation timeT1, and the solution
was degassed to prevent air bubbles inside the fibers. A
high-resolution SE image of the phantom is shown in Fig-
ure 2(A). The fiber bundles consist of two fibers wrapped
around a Plexiglas substrate shaped appropriately, hence
the thin fibers on the left side of the cross. The volume
fractions of the two crossing fiber bundles at their in-
tersection arev1 = v2 = 0.5. A 2-D pulsed-gradient
stimulated-echo sequence was used to obtain diffusion-
weighted images of the phantom with the following ex-
perimental parameters: FOV= 2.5 cm× 2.5 cm, slice
thickness= 1 cm, 16 × 16 Fourier points, TR/TE=
1500/14 ms,δ = 5 ms,∆ = 250 ms (to satisfyδ � ∆
and Eq. (1) as much as possible), eight diffusion gra-
dient strengthsg = 0, 1, 2, 3, 3.5, 4, 4.5, and5 G cm−1

(i.e.Ng = 7 non-zerog values),Nθ = 30 orientations
according to the minimum energy spatial distribution ob-
tained in [13]. A coarse resolution is used to emulate the
temporal and spatial constraints for clinical imaging, cf.
Figure 2(B). Thus, each pixel contains a bundle of fibers
and the crossing of the fibers is not resolved. The QUAQ
and MDTI reconstructions require 4 fitting parameters
for single fibers(D‖, D⊥, θ1, ψ1), and 7 for two cross-
ing fibers(f1, D‖, D⊥, θ1, ψ1, θ2, ψ2). For QUAQ, the
series in Eq. (8) are truncated atn = 3 andk = 6.

The quality of the images was lessened by the fact
that the PTFE produced a peak in the spectrum that en-
compassed the proton peak, which made shimming diffi-
cult. For the QUAQ and MDTI implementations, the re-
sults for which eitherD‖ or D⊥ are outside reasonable

(A) SE image

(B) Stimulated-echo image

Figure 2: MR images of the experimental phantom
(FOV= 2.5 cm× 2.5 cm): (A) high-resolution SE im-
age (256 × 256 resolution, TR/TE= 1000/10 ms); (B)
low-resolution stimulated-echo image (16×16 resolution,
TR/TE= 1500/14 ms)

bounds (> 2 × 10−9 m2 s−1) are rejected. Moreover,
the cases whenD‖ is found (significantly) smaller than
D⊥ using QUAQ are non-physical, and thus are also dis-
carded. For both methods, these undesirable cases occur
typically when the signal is too low and too noisy. How-
ever, with enough averaging (number of transient images
Nt = 6 and 12), the results prove to be sufficiently use-
ful to recover the geometry of the crossing fibers. An-
other source of error comes from the fact that the fiber
size given by the manufacturer has a tolerance of±50%,
resulting in erroneous estimation of the transverse diffu-
sivity with QUAQ.

The results obtained by the QUAQ and MDTI algo-
rithms using all the data collected (Nt = 12 averages,
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 Ng = 7 non-zerog values, andNθ = 30 orientations, i.e.
210q values) are shown in Figures 3(A) and 3(B), respec-
tively. For QUAQ, each pixel is represented as a cylinder
of radius proportional tofm and axis along(θm, ψm) in
spherical coordinates, while for MDTI, we use an ellip-
soid whose long and short axes are proportional to the
products(fmD‖) and(fmD⊥), respectively, and whose
long axis is oriented along(θm, ψm) in spherical coordi-
nates (m = 1 when only one fiber is detected, andm = 1
or 2 when two are detected). Both methodologies recover
the crossing of the fiber bundles well when comparing
Figure 2(A) to Figures 3(A) and 3(B). For QUAQ, at the
bottom and on the left of the crossing fiber bundles, a
row of results have been discarded because of the noisy
data there (cf. Figure 2(A)). The longitudinal diffusion

(A) QUAQ reconstruction

(B) MDTI reconstruction

Figure 3: Reconstruction of the phantom using all the
experimental data available (Nt = 12,Ng = 7,Nθ = 30,
i.e. 210q values) with (A) QUAQ and (B) MDTI

coefficient matches that of water at the temperature inside
the scanner (∼ 11.5◦C), i.e.D‖ ∼ 1.6 × 10−9 m2 s−1.
For both methods, the signal-weighted volume fractions
f1 andf2 do not quite match at the intersection due to
the amount of noise in the non-diffusion-attenuated im-
age (Figure 2(B)).

Discussion

The numerical and experimental results are promising
and we set out to find out the influence of the sampling
of q-space (by varyingNg andNθ), and the number of
averagesNt (= 6 or 12). From the 30 orientations sam-
pled in our experiments, we extracted the 15 orientations

(A) QUAQ reconstruction

(B) MDTI reconstruction

Figure 4: Reconstruction of the phantom using partial ex-
perimental data (Nt = 6, Ng = 2: g = 4.5, 5 G cm−1,
Nθ = 15, i.e. 30q values) with (A) QUAQ and (B) MDTI
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 that minimized the energy norm [13], so we could test
our algorithm withNθ = 15 or 30. As shown in Figure
4, using less than10% of the data collected (Nt = 6,
Ng = 2: g = 4.5, 5 G cm−1, Nθ = 15, i.e. 30q values)
yields reconstructions of the crossing fiber bundles using
either QUAQ or MDTI that are similar to the ones shown
in Figures 3(A) and 3(B). Only the data at the bottom row
of the right arm of the cross is lost due to the lower SNR
in that region, cf. Figure 2(A). We found out that, as il-
lustrated in Figure 1, the data at largeq values is more
useful than the data at low values since the directionality
is reflected in the highq regions. Therefore, if the data
for the same amount of data (Nt = 6,Ng = 2,Nθ = 15,
i.e. 30q values) but withg = 1 and5 G cm−1 is used,
the reconstructions are not as good as withg = 4.5 and
5 G cm−1. However, it must be kept in mind that the SNR
drops asq increases.

In conclusion, the influence of the experimental pa-
rametersNt, Ng, andNθ are as follows.Nt is used to
obtain a SNR sufficiently large to yield exploitable re-
sults. Both the numberNg and the distribution ofq values
are important. WhileNg > 1 is necessary for QUAQ by
construction, largerq (or g) values should be sampled to
the limit that the SNR remains high enough. The number
of orientationsNθ needs to be sufficiently large to de-
termine the orientation of the fibers accurately, however
since the variation of the normalized echo attenuation on
a sphere atq constant is more pronounced for largeq val-
ues,Nθ does not need to be excessively large provided
data is collected forq large. We have shown here that a
total of 31q values are sufficient to recover the fiber bun-
dle geometry, to be compared with 127 for HARDI [6],
253 for QBI [5], 496 used for CHARMED [4], and 515
used for DSI [3].

Conclusions

A quantitative approach (QUAQ) to extract informa-
tion from q-space MRI data is proposed and compared
to a multi-modal DTI approach (MDTI). Numerical and
experimental data are used to validate both approaches.
In terms of retrieving the fiber orientations and cross-
ings, both QUAQ and MDTI perform well even for rela-
tively low SNR and a limited amount of data (31 images)
compared to other methods [3–6]. However, in terms
of physical parameters such as the diffusivities, QUAQ
is shown to be more quantitative than MDTI. The next
steps include testing on a biological sample and adding
the presence of a hindered compartment following the
CHARMED approach [4].
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